The lasing and coherent perfect absorption (CPA) properties of PT -symmetric microrings with mixed index and gain gratings, externally coupled to a bus waveguide, are theoretically investigated. For a complex grating at the PT symmetry breaking point, perfect unidirectional (either clockwise or counterclockwise) laser emission can be realized, however the grating does not discriminate longitudinal modes and CPA can not be simultaneously achieved. Above the grating PT symmetry breaking point, single mode emission and simultaneous CPA can be obtained, with unbalanced and controllable excitation of clockwise and counterclockwise modes in the ring.
Introduction. Optical systems that combine balanced loss and gain profiles offer a versatile platform to study the physics of parity-time (PT ) symmetric Hamiltonians [1] , featuring new synthetic materials with novel properties [2] [3] [4] . In this context, it has been shown [5] [6] [7] [8] that an active structure satisfying the PT symmetry condition (−r) = * (r) can behave simultaneously as a laser oscillator and as a coherent perfect absorber (CPA), i.e., it can simultaneously emit coherent outgoing waves and fully absorb incoming coherent waves with appropriate amplitudes and phases. This has lead to the introduction of the so-called PT -symmetric laserabsorber devices [5] , which have been demonstrated in recent works at microwaves [9, 10] . Distributed-feedback structures (DFB) with combined index and gain/loss gratings [11] [12] [13] [14] provide a natural platform to study PTsymmetric Hamiltonians and laser-absorber systems in the optical region [5, 8, [15] [16] [17] [18] . At the full quantum level, PT -symmetric lasers show interesting lasing resonance line shapes and quantum noise properties [19, 20] . Integrated semiconductor microring cavities have provided over more than one decade attractive devices for applications to wavelength filtering, dispersion compensation, optical switching and optical memories (see, e.g., [21] [22] [23] ). In a series of recent works [24] [25] [26] [27] , semiconductor microring/microdisk lasers in PT symmetric configurations have been introduced and realized, showing nonreciprocal transmission, optical isolation and mode selection. In particular, single-mode emission from a PTsynthetic DFB microring laser with a pure gain grating has been realized by Feng and collaborators [27] . However, the demonstration of a PT -synthetic laser-absorber device at optical frequencies is still missing. In this Letter we consider a class of PT -synthetic microring lasers with mixed gain and index gratings, externally coupled to a bus waveguide, and investigate their lasing and CPA properties. It is shown that, for a mixed grating at the PT symmetry breaking point, perfect unidirectional (either clockwise or counterclockwise) laser emission is obtained, however simultaneous CPA and longitudinal mode discrimination can not be realized in this case. Conversely, for a mixed grating in the broken PT phase single mode emission and simultaneous CPA can be obtained, with unbalanced and controllable excitation of clockwise and counterclockwise waves in the ring.
PT -symmetric microring lasers with mixed gratings. Let us consider a circular microring/microdisk laser of radius R side coupled to a bus waveguide in the geometrical setting shown in Fig.1(a) . Indicating by a, b and by c, d the amplitudes of the outgoing and incoming light fields at frequency ω in the bus waveguide, respectively, the CPA and lasing properties of the coupled microringwaveguide system can be derived from the analysis of the 2 × 2 transfer matrix Q = Q(ω) defined by
In particular [5, 15] : (i) the system is below lasing threshold if all the zeros of Q 22 (ω) lie in lower half complex plane Im(ω) < 0; the most unstable (lasing) mode as some control parameter of the system is varied corresponds to the first zero of Q 22 that crosses the real axis from below at the frequency ω L ; correspondingly, the amplitudes of outgoing waves in the bus waveguide are related by the relation a/b = Q 12 (ω L ); (ii) CPA occurs if Q 11 (ω) = 0 at some frequency ω = ω 0 on the real axis and for the appropriate coherent excitation of the system c = −Q 12 (ω 0 )d; (iii) for a PT invariant system, one has Q 11 (ω) = Q from left and right incidence sides are the same. Simple configurations of active/passive microrings coupled to a bus waveguide have been investigated in several previous works; for example, the CPA property of a lossy microring without any grating that occurs at a certain waveguide-microring coupling (known as critical coupling) was studied in Refs. [28, 29] . Here we extend such previous studies by considering a microring with a mixed index and gain grating in a PTsymmetric configuration [16, 17] , highlighting some interesting operational regimes. To this aim, let us assume that the effective refractive index n(s) along the curvilinear coordinate s of the ring is weakly modulated, with periodicity Λ = π/k B , according to n(s) = n 0 +iσ+δn R cos(2k B s)−iδn I sin(2k B s), where δn R,I are the modulation depth of index and gain/loss gratings, respectively, n 0 is the substrate index of the medium, and σ describes the effective mean loss/gain term. Note that a non-vanishing value of σ implies that the system is not PT invariant. The electric field E at frequency ω close to the Bragg frequency ω B ≡ c 0 k B /n 0 circulating in the microring can be written as a superposition of counterclockwise and clockwise waves of amplitudes u(s) and v(s), respectively, namely
, where the amplitudes u and v satisfy the coupled-mode equations [11, 17] i du ds
is the normalized frequency detuning parameter, γ = (k B /n 0 )σ is the mean loss rate per unit length (gain rate if γ < 0), and
are the asymmetric coupling rates of counterpropagating waves. The length L = 2πR of the ring is assumed to be an integer multiple of the grating period Λ. The amplitudes u, v of counter-propagating waves at s = 0 + and s = L + are related by the relation 
where the transfer matrix M is obtained by solving coupled-mode equations (1) and reads
where λ ≡ δ 2 − ρ 1 ρ 2 . Let us first consider the case of an ideal lossless microring (γ = 0) uncoupled to the bus waveguide. This case differs from the unidirectional invisibility system of Refs. [16, 17] because of the ring periodic boundary conditions u(L − ) = u(0 + ) and v(L − ) = v(0 + ), which using Eq.(4) yields the condition cos(λL) = 1, i.e. δ = ± (2πl/L) 2 + ρ 1 ρ 2 , where l = 0, ±1, ±2, ... is the longitudinal mode index. Such a relation shows that unstable modes arise for ρ 1 ρ 2 ≤ 0, i.e. PT symmetry breaking is attained at ρ 1 = 0 (δn I = δn R ). Interestingly, such a symmetry breaking condition is the same than that obtained for unidirectional invisibility problem in Refs. [16, 17] . Coupling of the microring with the bus waveguide is described by a unitary matrix 
which we assume of the form [28, 29] 
where t is the transmission coefficient through the coupler (0 < t < 1), and r = i √ 1 − t 2 . The chosen symmetry of the coupling matrix, which holds for a lossless coupler and without propagative phase shift, is appropriate for typical experimental ring-waveguide couplings [29] and conserves the PT symmetric of the scattering problem. From Eqs. (3) and (5) one readily obtains the follow-ing expressions for the elements of the transfer matrix Q
where R = (1 − M 11 T 11 − M 22 T 22 + T 11 T 22 ) −1 . Note that, for γ = 0 PT invariance of the system is conserved and one has Q 11 (ω) = Q * 22 (ω * ). Note also that the 'cavityless' scattering problem previously investigated in Ref. [16] in the regime of unidirectional invisibility is obtained from our analysis in the limiting case t → 0. Unidirectional laser emission. Let us first consider the case of a mixed grating at the PT symmetry breaking point, i.e. δn I = δn R corresponding to ρ 1 = 0. In this case the zeros of Q 11 and Q 22 in the complex δ R plane can be readily calculated and read
where l = 0 ± 1, ±2, ... is the longitudinal mode index, and where the upper (lower) sign on the right hand side in Eq.(8) applies to Q 11 (Q 22 ). Note that, if the mean value of loss/gain γ in the ring vanishes, the zeros of Q 22 (Q 11 ) lie in the Im(ω) < 0 (Im(ω) > 0) complex plane [see Fig.2(a) ], regardless of the grating strength δn R = δn I , so that lasing and CPA can not be reached. However, if we break the PT invariance of the system by the introduction of a net mean loss or gain γ in the ring, from Eq.(8) it follows that either lasing or CPA can be attained at γ = ±ln(t)/L, respectively, for all longitudinal modes. The CPA regime basically reproduces the critical coupling scheme of Refs. [28, 29] and, since Q 12 = 0, it requires a single input beam; the main difference here is that CPA is obtained solely for one side of the input signal that excites the clockwise mode v, namely c = 0, d = 0. The reason thereof is that, under such an input excitation, the grating appears to be invisible and Bragg scattering does not occur (u = 0), thus our device behaves exactly in the scheme of Refs. [28, 29] . Conversely, in the other excitation direction (d = 0, c = 0) Bragg scattering occurs and perfect absorption is not anymore possible. More interestingly is the case of lasing, which requires a net gain γ = ln(t)/L in the ring. In such a case because of Q 12 = 0 one has a = 0, i.e. laser oscillation is unidirectional (only the clockwise wave v circulates in the ring, whereas u = 0). Hence using a mixed gain/index grating with δn R = δn I enables to obtain unidirectional laser emission, preventing the oscillation of the counterclockwise mode. This is a rather interesting result, since unidirectional oscillation in the ring does not require the introduction of non-reciprocal elements, e.g. magnetic or nonlinear elements [30, 31] . Besides unidirectionality, single longitudinal mode operation can be obtained for a small ring radius owing to the finite bandwidth of the gain medium.
Mode selection and laser-absorber modes. Let us consider the complex grating with γ = 0 and in the broken PT phase (δn I > δn R ). Figure 2 shows a typical behavior of the trajectories of the zeros of Q 22 and Q 11 in the complex ω plane as δn I is increased above δn R (note that, since γ = 0, the zeros of Q 11 are just the complex conjugates than the zeros of Q 22 ). At δn I = δn R , according to Eq.(8) all the zeros of Q 22 lie in the Im(δ R ) < 0 sector of the complex plane. As δn I is increased above δn R , the central zero, corresponding to Re(ω) = ω B (i.e.to the mode index l = 0), is splitted into two zeros which move apart each other from opposite directions along the vertical (imaginary) axis as δn I is increased. The other zeros of Q 22 , corresponding to modes with l = 0, are almost unchanged, undergoing a small splitting in the horizontal (real axis) direction which is not visible in the scale of the figure. Laser threshold and simultaneous CPA occur when one zero of Q 22 and one of Q 11 touch on the real axis (point 2 in Fig.2 ). This occurs when cos( √ −ρ 1 ρ 2 L) = 2/(t + 1/t), corresponding to the critical value of δn I In this case, single-mode operation is expected at lasing threshold. For the lasing mode one has |a/b| 2 = |Q 12 | 2 = |ρ 1 /ρ 2 |, whereas for the CPA mode one has |c/d| 2 = |Q 12 | 2 = |ρ 1 /ρ 2 |. Note that, for δn R = 0, i.e. for a pure gain grating, ρ 2 = −ρ 1 and thus |a/b| 2 = 1, i.e. laser emission occurs symmetrically from both waveguide ends and the two clockwise and counter-clockwise waves in the ring are equally excited. This kind of mode selection with balanced excitation of counterporpagating waves has been recently demonstrated in Ref. [27] . Similarly, CPA requires balanced intensities of the two exciting beams. The introduction of the index grating, in addition to the gain grating, makes the laser emission (and similarly the CPA mode) asymmetric. In particular, a nearly unidirectional laser emission occurs if |ρ 1 /ρ 2 | 1, which is obtained in the low-coupling limit t → 1 − . For example, for t 2 = 0.8 and ρ 2 L = 0.5, the lasing threshold (and the CPA regime) is attained at ρ 1 L = −0.0248, with an almost unidirectional laser emission (|a/b| 2 0.05).Hence the complex grating in the broken PT phase δn I > δn R can operate simultaneously as a laser and as a CPA device, providing single mode selection and enabling to control the unidirectional/bidirectional emission ratio by tuning of the index/gain grating strengths. To highlight the simultaneous amplifying/absorbing properties of the device in the δn I > δn R and γ = 0 regime, we numerically computed the overall absorption/amplification coefficient Θ(ω) of the structure for coherent two-beam excitation just below the lasing threshold. The coefficient Θ(ω) is defined as the ratio of the total intensity of outgoing (reflected or transmitted) waves to the total intensity of the incoming (injected) waves [5] in the bus waveguide, that is,
Note that the vanishing of Θ is the signature of CPA, whereas |Θ| > 1 indicates that an overall amplification has been realized in the system. 0.211 exp(−iφ) when the relative phase φ between the two beams is varied. Note that, at φ = 3π/2, the CPA condition is obtained, whereas strong amplification, which is the signature of the approaching lasing condition, is obtained by changing the relative phase to φ = π/2.
Conclusions. We have investigated the lasing and CPA properties of a PT -symmetric microring structure with phase-shifted index and gain gratings, side coupled to a bus waveguide. The analysis shows that for the complex grating in the broken PT phase the microring/waveguide system can operate simultaneously as a laser and as a CPA device, providing single mode selection and a controllable unidirectional/bidirectional laser emission. Such results are expected of aiding the design and development of CPA-laser systems and other on-chip synthetic structures to harness the flow of light in nonconventional ways. Although the complex PT index modulation considered in our system is not easy to direct implementation, in-phase separated real and imaginary index modulations can exactly mimic the original PT modulation, which are feasible in fabrication as successfully demonstrated in Ref. [4] .
